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■ Abstract. We prove the following theorem. 
(3JQ[ Theorem: Let X be a nonempty compact metrizable space, let h < h < . . . be a sequence 
|~t . in N, and let X\ C X2 C . . . be a sequence of nonempty closed subspaces of X such that 

• for each k £ N, dim z / p Xfc < Ik- Then there exists a compact metrizable space Z, having 

closed subspaces Zi C Z2 C . . - , and a (surjective) cell-like map n : Z — > X, such that for 
each k G N, 

(a) dimZfc < l k , 

(b) Tv(Z k ) = X k , and 

■ (c) Tv\z k ■ Zk — > Xk is a Z/p-acyclic map. 

Moreover, there is a sequence Ai C A2 C . . . of closed subspaces of Z such that for each 

k, dim Ak < lk, i"U fc : Ak — > X is surjective, and for k £ N, Zk C Ak and ir\A k '■ Ak — ¥ X 

i <~| is a UV lk ~ 1 -map. 

^_ > ■ 

. It is not required that X — [J k x L 1 Xk or that Z = UfcLi Zk- This result generalizes 

the Z/p-resolution theorem of A. Dranishnikov and runs parallel to a similar theorem of 
S. Ageev, R. Jimenez, and the first author, who studied the situation where the group was 
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1. Introduction 
The goal of this paper is to prove the following theorem. 



Theorem 1.1. Let X be a nonempty compact metrizable space, let l\ < 1% < . . . be a 

sequence in N, and let X% C X2 C . . . be a sequence of nonempty closed subspaces of X 
such that for each k € N, dim Z/ / p X^ < Then there exists a compact metrizable space Z, 
having closed subspaces Z\ C Z2 C . . . , and a (surjective) cell-like map ir : Z — > X , such 
that for each k € N ; 

(a) dimZfc < h, 

(b) ir(Z k ) = X k , and 

(c) ir\z k ■ Zk — > Xk is a Z/p-acyclic map. 
Moreover, there is a sequence A\ C A<i C . . . of closed subspaces of Z such that for each k, 
dimylfc < If., ir\A k ■ Ak — > X is surjective, and for k € N, Zk C Ak and 7r|^ : Ak — > X is a 
UV' fe_1 -map. 

The second Section will contain some technical results necessary for the proof of Theo- 
rem II. 1| and the proof will be described in the third Section. 

In Section 4 we will outline a proof of a case of Theorem 11.11 that was suggested to us 
by an anonymous referee. Unfortunately, this technique cannot be used to prove the most 
difficult cases of Theorem 11.11 nor does it have the potential for generalization for those 
groups G whose resolutions require a domain space of dimension n + 1, if the range space 
had dime < n (|Le|). 
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For example, the theorem that follows is an immediate consequence of Theorem II .1\ but 
it cannot be proven using the technique described in Section 4. 

Theorem 1.2. Let n G N and let (Xj) be a sequence of (not necessarily nested) closed 
subsets of the Hilbert cube Q with dim^/pAj < n for all i. Then there exists a compact 
metrizable space Z , a cell-like map tt : Z — > Q, and a sequence (Zi) of closed subsets of Z 
such that Vi ; 

(a) dim Zi < n, and 

(b) Tr\zi '■ Zi—± Xi is a surjective TLjp-acyclic map. 

This theorem provides a cell-like resolution of the Hilbert cube Q and simultaneously 
Z/p-acyclic resolutions over any F^-collection whatsoever of such JQ. 

Let us proceed by explaining some terms that might be unfamiliar to the reader. Basic 
facts about cell-like spaces and maps can be found in [Da| . A map tt : Z — > X is called 
cell-like if for each x G X, tt~ 1 (x) has the shape of a point. To detect that a compact 
metrizable space Y has the shape of a point, it is sufficient to prove that there is an inverse 
sequence of compact metrizable spaces Zj, whose limit is homeomorphic to Y 

and such that for infinitely many i 6 N, p] +1 : Zi + \ — > Zi is null-homotopic. It is also 
sufficient to show that every map of Y to a CW-complex is null-homotopic. 

A map 7r : Z — > X between topological spaces is called G-acyclic ( |Drj ) if all its fibers 
7r _1 (x) have trivial reduced Cech cohomology with respect to a given abelian group G, or, 
equivalently, every map / : 7r~ 1 (x) — > K(G,n) is null-homotopic. 

Note that a map tt : Z — > X being cell-like implies that tt is also G-acyclic. 

To detect that a compact metrizable space Y has trivial reduced Cech cohomology with 
respect to the group G, it is sufficient to prove that there is an inverse sequence 
of compact polyhedra Zi whose limit is homeomorphic to Y, such that for infinitely many 
i £ N, the map p\ +1 : Zi + \ — > Zi induces the zero-homomorphism of cohomology groups 
H m (Z i; G) -»■ R m (Z l+1 ; G), for all m G N. 

A map tt : Z — > X is called a \JY k -map ( |Da| ) if each of its fibers has property UV fc . 
This means that each embedding 7r _1 (x) A into an ANR A has property UV fc : for every 
< r < k and every neighborhood U of 7r _1 (x) in A, there exists a neighborhood V of 
7r _1 (x) in U such that every map of S r into V is null-homotopic in U. In order to prove 
that tt is a UV fc -map, it is sufficient to show that, for all x G X, there is an inverse sequence 
of compact polyhedra Zi, whose limit is homeomorphic to tt~ 1 (x) and such that 
Vi G N, if < r < k, then any map h : S r — > Zi is null-homotopic. It is well-known that 
cell-like compacta have property UV fc for all k. 

A map g : X — > \K\ between a space X and a polyhedron \K\ is called a K- modification 
of a map / : X — > \K\ if whenever x G X and f{x) G a, for some a G K, then g(x) G o. 
This is equivalent to the following: whenever x G X and f(x) G a, for some a G K, then 
g(x) G a. 

The proof of Theorem 11.11 uses some techniques developed by A. Dranishnikov in the 
proof of the following theorem, which can be found as Theorem 8.7 in [Drj . 

Theorem 1.3. For every compact metrizable space X with dim%/ p X < n, there exists a 
compact metrizable space Z and a surjective map tt : Z — > X such that tt is "L/p-acyclic and 
dimZ < n. 

We will show in Remark 13.31 that our Theorem 11.11 is a generalization of this theorem. 
Dranishnikov used Edwards-Walsh complexes and resolutions, and so shall we. 

The following definition of Edwards- Walsh complexes (EW-complexes) and resolutions, 
as well as results about them, can be found in |Drj . [DW] or [KYj . For G = Z, these 
resolutions were formally formulated in [Wa| . 
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Definition 1.4. Let G be an abelian group, n £ N and L a simplicial complex. An Edwards- 
Walsh resolution of L in dimension n is a pair (EW(L, G, n),uj) consisting of a CW -complex 
EW(L, G, n) and a combinatorial map uj : EW(L,G,n) — > \L\ (that is, uj~ 1 (\L'\) is a 
subcomplex, for each subcomplex V of L) such that: 

(i) uj~ -!(|L( n )|) = and w|| L („)| is the identity map of \L^\ onto itself, 

(ii) for every simplex a of L with dimcr > n, the preimage w _1 (|cr|) is an Eilenberg- 
MacLane space of type (Q)G,n), where the sum Q)G is finite, and 

(iii) for every subcomplex V of L and every map f : \L'\ — > K{G,n), the composition 
f o u>\u-x(\l'\) '■ u~ l {\L'\) — > K(G, n) extends to a map F : EW(L, G, n) — > K(G, n). 

We usually refer to the CW-complex EW(L, G, n) as an Edwards-Walsh complex, and to 
the map uj itself as an Edwards-Walsh projection. 

Remark 1.5. Let V be a subcomplex of L, K be the subcomplex uj~ 1 (\L'\) of EW(L,G,n), 
and ujli = wL-i(|L'|) : ~~ ^ Then (K,ujii) is an Edwards-Walsh resolution of 
the form (EW{L' ,G,n),uj L >). 

A discussion about the existence of Edwards- Walsh resolutions, as well as their construc- 
tion, can be found in [Dr] , |DW] , |KY| . |Waj . For our needs, it is enough to know that when 
G is either Z or Z/p, Edwards- Walsh resolutions exist for any simplicial complex L. 

In particular, we shall briefly describe the construction of (EW(L, Z/p, n), uj) for a finite- 
dimensional simplicial complex L. If dimL < n, define EW(L,Z/p, n) = L^ = L, and 
uj = idi- If dimL = n + 1, we start with L^ and the identity map id L ( n ) , and proceed by 
building a K(Z/p,n) on da, for each (n + l)-simplex a of L, and we build uj by extending 
do ^ a over this newly attached K{7Ljp,n). In this way, o; _1 (|o"|) = K(Z/p,n), V (n + 1)- 
simplex a of L. 

If dimL > n + 1, then we shall distinguish the cases n > 2 and n = 1. In both of these 
cases our construction is inductive. 

If n > 2 and dimL > n + 1, then the skeleton L^ n+1 ^ is dealt with as described above, i.e., 
by attaching a LT(Z/p, n) to da, for each (n + l)-simplex a € L^ n+1 \ This represents the 
basis of our inductive construction. For the step of our inductive construction, let k > n + 1. 
Then for any ^-simplex a of L, we have that ■K n (uj~ 1 (\da\)) = (QZ/p, where this sum is 
finite. So Cl)~ 1 (|ct|) will be obtained from w _1 (|5cr|) by attaching cells of dim > n + 2 in 
order to kill off the higher homotopy groups of uj~ 1 (\da\), and achieve that w _1 (|cr|) = 
K(0Z/p,n). 

If n = 1 and dimL > 2, then the 2-skeleton L^ is dealt with as described above, that 
is, by attaching a K(7Ljp, 1) to da, for each 2-simplex a € L^ n+1 \ To be more precise, this 
means attaching a 2-cell using a map of degree p from the boundary of the 2-cell to da, 
for every 2-simplex a of L, and then proceeding by attaching cells of dim > 3 to form a 
K(Z/p, 1) on top of each of these Moore spaces. However, the above mentioned 2-cells are 
not the only ones that get attached here, we will have to attach more of these. Namely, 
when k > 2, then for any /c-simplex a of L, there will be 2-cells 7 C CJ _1 (|cr|) \ w~ 1 (|5cj|), 
attached by a map 6^7 — » w _1 (|9cr|) representing a commutator in TTi(uj~' 1 (da)). This is 
to ensure that 7Ti (a;" 1 ( |cr| )) = ®Z/p. We proceed by attaching cells of dimension > 3 to 
achieve that = if(0Z/p,l). 

The following fact is proven in |Dr] as Lemma 8.1, and (iv^/ p ) is clear from our construc- 
tion above. 

Lemma 1.6. For the groups Z and Z/p ; for any n € N and for any simplicial complex L, 
there is an Edwards-Walsh resolution uj : EW(L,G,n) — > \L\ with the additional property 
for n > 1 : 
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(ivz) the (n + 1) -skeleton o/EW(L, Z,n) is equal to ; 
(ivz/p) the (n+1) -skeleton o/EW(L, Z/p, n) zs obtained from L^ by attaching (n + 1) -cells 
by a map of degree p to the boundary da, for every (n + 1)- dimensional simplex a. 

Here are some other properties following from the construction of Edwards- Walsh com- 
plexes for the groups Z/p. 

Remark 1.7. Zei L be a simplicial complex, let a be any simplex of L with dim a > n, 
and let (EW(L, Z/p, n), oS) be an Edwards-Walsh resolution of L. According to Remark \1.5[ 
= EW(o~,Z/p,n) and from the construction o/EW(L,Z/p,n), we have that the 
number of summands in TT n (to~ 1 (\a\)) = (J) Z/p is less than or equal to the number of the 
(n + \) -faces of a. 

From this Remark and our construction, we get: 

Corollary 1.8. Let a be a simplex with dimo~ > n, taken as a simplicial complex, and let 
(EW(a,Z/p, n),w) be an Edwards-Walsh resolution of a. Then 

(I) fr„(|<rW|)^©;Z, and 
(II) H n (EW(a,Z/p,n)) == ©£ Z/p, 

where r < the number of all (n + 1) -faces of a. Moreover, 

(III) we can choose T\, . . . , r r to &e some (n + 1) -faces of a so that the images h\,...,h r 
of the generators of H n (dri ),..., H n (dr r ), induced by the inclusions cVj o-( n ) ; 
/orm a basis o/ -ff n (|o"( n ^|). T/ien if q\, . . . ,q r are the images of the generators of 
H n (dr{), . . . , H n {dr r ), induced by the inclusions dri EW(<r, Z/p, n), and A* = 
H n {\) is induced by the inclusion A : EW(cr, Z/p, n), we get that q\ = 

A*(/ii), . . . , q r = A*(/t r ) /orm a 6asis of H n (EW(a, Z/p, n)). 

The following lemma is proven in [Drj as Lemma 8.2. It concerns (approximately) lifting 
maps through EW-complexes: 

Lemma 1.9. Let X be a compact metrizable space with dime X < n, and let L be a finite 
simplicial complex. Then for every Edwards-Walsh resolution oj : EW(L, G, n) —> \L\, and 
for every map f : X \L\, there exists a map f : X — > EW(L, G, n) such that 

(i) f\f-t{\Li*<)\) = and 
(ii) to o f is an L -modification of f . 

Our primary construction will be done in the Hilbert cube Q - our space X is compact 
metrizable, and Q is universal for all compact metrizable spaces. 

oo 

Let the Hilbert cube Q = ]^[/ be endowed with the metric p such that if x = (xj), 

i=l 

OO I I 

y = {Vi)i then p(x,y) = Xl . — . As usual, I = [0,1]. For any % € N it will be 

i=i 

convenient to write Q = L % x Qi in factored form. In this case, any subset E of L % will 
always be treated as E x {0} C Q. We shall use Pi : Q — > I % for coordinate projection. 

In some of the proofs that follow we will use stability theory, about which more details 
can be found in §VI.l of [HW]. Namely, we will use the consequences of Theorem VI. 1. from 
[HW]: if X is a separable metrizable space with dimX < n, then for any map / : X — > L n+1 
all values of / are unstable. A point y G f(X) is called an unstable value of / if for every 
5 > there exists a map g : X — > I n+1 such that: 

(1) d(f(x),g(x)) < 5 for every x € X, and 

(2) g(X) C \ {y}. 
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Moreover, this map g can be chosen so that g = f on the complement of / 1 (U), for any 
open neighborhood U of y, and so that g is homotopic to / (see Corollary 1.3.2.1 of [MSJ). 

The following lemma is a form of the homotopy extension theorem with control, and can 
be found in [AJR| as Lemma 2.1. 

Lemma 1.10. Let f : X —■ R be a map of a compact polyhedron X to a space R, Xq be 
a closed subpolyhedron of X, and U be an open cover of R. Suppose that F : Xq x / — > R 
is a U-homotopy of f\x - Then there exists a U-homotopy H : X x / — > R of f such that 
H\ Xo xl = F:X xI^R. 

Notation. We will use the following notation. Let x belong to a metric space X and let 
5 > 0. Then by N(x, 5) we shall mean the closed ^-neighborhood of x in X. For example, 
for x G Q, Pi(x) € P so N(pi{x), 5) is the closed J-neighborhood of Pi(x) in P. 

Whenever (i-^, is an inverse sequence, T{ C Pi and g* +1 (Tj + i) C Tj for each i, then 
we shall write (Tj,<7] +1 ) for the induced inverse sequence, using the same notation for the 
bonding maps as long as no confusion can arise. 

Whenever P is a polyhedron, r is a triangulation of P, and k > 0, then P^ will denote 
the subpolyhedron of P triangulated by the fc-skeleton of r, i.e., P^ = \t^\. If R is a 
subpolyhedron of P and we have to build an Edwards- Walsh complex on t\r, we will write 
EW(R,Z/p,n) instead of ~EW(t\r, %>/p, n), to keep matters simpler. 

2. Technical lemmas 

The following type of result is a lemma which is technical, but which will help us find 
certain maps and understand their fibers. This lemma can be found in |AJR| as Lemma 3.1. 
Once the correct conditions are found on the construction of said maps, then Theorem 11.11 
will follow readily. 

Lemma 2.1. Suppose that for each i € N we have selected rii 6 N, a compact subset 
Pi C P H , Si > 0, £j > 0, and a map : Pi+\ Pi so that: 

(i) ifu,v£Q and p(u,v) < e i+1 , then p(p n .(u) , p ni (v)) < 5i, 

(ii) m < n i+1 , 

(iii) <Si, 

(iv) p(gl +1 (x),p nt (x)) < Si for all x G P i+1 , 

(v) Si < zh~t, and 

(vi) P i+1 x Q n . +1 C Pi x Q ni . 

oo 

Put X = f^j Pi x Q ni , P = (Pi,gl +1 ), and Z = limP. Then for each z = (01,02, . ••) £ 
i=i 

oo 

Z C JJ-Pi; an d associated sequence (aj) in Q, 
i=i 

(a) (aj) is a Cauchy sequence in Q whose limit lies in X, and 

(b) the function ir : Z — > X given by tt(z) = lim (<ij) is continuous. 

i— >oo 

Fix x £ X and for each i € N, let B Xji = N(p ni (x),25i) n Pi,B* { = N(p ni (x),£i) n P{. 
Then, 

(c) B Xtl C B*- and g?\B* i+1 ) C B x>i . 

If we let P x = (B Xti ,gi +l ) and P* = {B^g^ 1 ), then, 

(d) limP x = lirnP^ , and 

(e) 7r _1 (x) = lim P^. 
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In addition, suppose we are given, for each i E N, a closed subspace Ti C Pi in such a 
manner that c/* +1 (7i + i) C T». Put T = (Ti,gi +1 ) and Z' = limT C Z. For x e X, let 
S x ,i = B Xji (~l Ti, T x = (S Xti ,gl +1 ); set fr = ir\z> : Z 1 ->■ X. Then, 

(f) 7f _1 (x) = limT-E, and 

(g) if S X: i ^ for each i, then tt~ 1 (x) ^ 0. 

A helpful diagram for Lemma 12.11 



Pi Pi+i 

I 7T 
Y 



Before proceeding, note that if L is a simplicial complex, K a CW-complex, and / : \L\ — > 
K a map, then we say that / is cellular if it is cellular with respect to the CW-structure 
induced on \L\ by L and the given one of K, i.e., / takes the (simplicial) n-skeleton of L to 
the (CW) n-skeleton of K, Vra. 

The following Corollary is a version of Corollary 3.2 from [A JR] . adapted for the Z/p- 
case. When used (in the proof of the main theorem), A k can be replaced by Z k (not just 
by Ak of Theorem II. ip . 

Corollary 2.2. Suppose in Lemma \2.1\ that for each i € N, Pj = |Tj| is a nonempty 
subpolyhedron of I ni having a triangulation Ti , with a subdivision Ti with mesh Ti < 5i, so 
that for every simplex 7 o/rj, r$L is collapsible. Moreover, assume that is a simplicial 

map (in particular, for all k > 0, <?- +1 (p/+|) C P- k \ where Tj+i and Ti are the relevant 
triangulations) . Let l\ < I2 < . . . be a sequence in N, and let 

T k = (P l {lk \gi +1 ), and A k = limT*. 
TTien Ai C A2 C . . . , and for each k > 1, 

(I) dim^4fe < Ik and n\A h '■ A k —> X is surjective. 
Assume further that for each x € X and i € N, i/iere is a contractible polyhedron P x ^ which 
is the closed star of a vertex in the triangulation Ti, such that 

B ■ c P a r 

Then 

(II) 7r : Z — > X is a cell-like map, and 

(III) /or eac/t fceN, 7r|A fc : ifc 1 is a UV ifc_1 -map. 

Suppose now that all of the above statements are true, and let k E N. If for infinitely many 
indexes i we have that for all x £ X , u}°fi(Px,i+i) C Pc,i, Ip,. i+1 — wo/j^ , where 

lo : EW(Pi, Z/p, Zfc) — > Pj is an Edwards-Walsh projection, and /, : Pj+i — >■ EW(Pj, Z/p, If.) 
is a cellular map, then 

(IV) ir\A k : Afc — )• X is a Z/p -acyclic map. 

Before showing the proof of Corollary 12.21 we wm state and prove some lemmas which 
will be useful for its proof. 

Lemma 2.3. Let n € N, and let P = \L\ and Q = \M\ be compact polyhedra with dimP, 
dim Q > n + 1. For any (n + V)- simplex r e of M , let h e and q e be the images of a generator 
of H n (dT e ) under the maps of H n (dT e ) induced by the inclusions <9r e > |Af( n )| and <9r e 
EW(M,Z/p,n), respectively. 

Let (i, v and A be the inclusions as shown in the upcoming diagram, and let f : |L| — > 
EW(M,Z/p,n) be a cellular map making this diagram commutative. 
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Moreover, let M be such that: 

(I) fr n (|AfW|)^©;Z, and 
(II) # n (EW(M,Z/p,n)) = ®\Z/p, 
where r < the number of all (n + l)-simplexes of M; and 

(III) we can choose some (n + l)-simplexes t±, . . . , r r of M so that {hi, . . . , h r } forms a 
basis of H n (\M^\), and so that {qi, . . . ,q r } forms a basis of H n (EW(M,Z/p,n)). 
Then for any (n + 1) -simplex a G L, with H n (da) = (g), we have: 

(a) / o v o n is null-homotopic, so 

(b) i? n (/||L(n)| ° v)(g) = Ee=i £ e h e, where e e = (mod p), for e G {1, . . . ,r} . 



EW(M, Z/p,n) 




Proof: Since da is contained in a, which is contractible, the inclusion v o jjl : <9<r \L\ is 
null-homotopic. Therefore / o z/ o ^ is null-homotopic, so (a) is true. 
To prove (b), notice that / being a cellular map implies 

/(|L (n) |) C EW(M,Z/p,n) (n) = |M< n >|. 
It is clear that f o v o = \ o /|i£(n)i o [i. So (a) implies 

= H n (f o v o fj)(g) = H n (X o /|| L( „)| o /x)(#). 
From (III) we get that #n(/||L(™)| ° ^XsO = Se=i e e/ie, for some e e G Z, and therefore 

r r 

#n(Ao/|| L( „)| o/i)(g) = H n (\)(^e e h e ) = ^e e q e = 0, 

e=l e=l 

which means that e e = (mod p), Ve G {1, . . . , r}. □ 

Some form of the following lemma was used by various authors. 

Lemma 2.4. Let n G N, P = \L\ be a compact polyhedron with dimP > n + 1 and M be 

the closed star of a vertex from . Let L be a subdivision of L such that for every simplex 
a of L, L|| CT | is a collapsible simplicial complex. Let M be the simplicial complex that L 
induces on \M\, i.e., M = L\\m\ (subdivided vertex star). Then 

(I) H n (\M^\) ^®\Z, and 
(II) H n (EW(M, Z/p, n)) - Z/p, 
where r < the number of all (n + \)-simplexes of M. Moreover, 

(III) we can choose T±,...,T r to be some (n + X)-simplexes of M so that the images 
hi, . . . , h r of the generators of H n (dri), . . . , H n (dT r ), induced by the inclusions dri 
M^ n \ form a basis of H n (\M^\). Then if q\, . . . ,q r are the images of the gener- 
ators of H n {dri), . . . , H n (dr r ), induced by the inclusions dr-i EW(M,Z/p,n), 
and H n (X) is induced by the inclusion A : MW ^ EW(M,Z/p, n), we get that 
Ql = H n (X)(hi), ...,q r = H n (X)(h r ) form a basis of H n (EW(M, Z/p, n)). 
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We will omit the proof to save space. On the way to proving this Lemma, one can first use 
Corollary 11.81 (containing the statement analogous to this one, but for a simplex) in order to 
prove analogous statements for a (non-subdivided) vertex star, and then for a subdivided 
simplex with a collapsible subdivision. 

Then Lemma 12.41 can be proven by first proving its statement for dimM = n + 1, and 
then, by induction, showing it is true for dimM = n + k + 1. The general step of induction 
would utilize another induction, on the number of (n + k + l)-simplexes of M, as well as a 
Mayer- Vietoris sequence. We used a collapsible subdivision on simplexes of M so that we 
could organize the process of induction. The information about the existence of subdivisions 
of a triangulation on a simplicial complex, in which a simplex with a new subdivision is still 
collapsible can be found in |Glj . 



Remark 2.5. When M is a subdivided vertex star from Lemma \2.4\ then Lemma \2.3\ is 
true for Q = \M\ and \M^\ is (n — l)-connected. 



Proof of Corollary Surely dimA k <l k . Let x G X. Apply Lemma O with T; = pf k) 
and 



Sx,i — Bx,i n p[ ^ ■ 

Then T becomes and 

Z' = limT fe = lim(if fc \gi +1 )=A k . 

Note that the representation of X implies that p ni {X) C Pj, Vi £ N. This fact, together 
with meshTj < Si, can be used to check that B x ^ must contain a vertex of n, so S X j ^ 0. 
Therefore (g) of Lemma 12.11 shows that (I) is true. 

Part (c) of Lemma ED and the fact that B Xji C P X) i C B* { Mi G N, show that Mi G N, 
gl +1 (P Xl i+i) C P x ,ii so P' x := (P X j,gl +1 ) is an inverse sequence. Clearly (see (d) and (e) of 
Lemma 12 . X |> . limP^ = tt~ 1 (x). Now P' x is an inverse sequence of contractible polyhedra. 
Hence (II) is true. 

To get at (III), first observe that by (f) of Lemma |2. 11 the fiber (7r| J 4 fc ) _1 (x) is the limit 
of the inverse sequence (S x ,i, 9i +1 )- On the other hand, for each i G N, B x ^ C P Xi i C B^, 
C Pf and gt +1 (B* i+l ) C B xi . So one deduces that 

J+l/p('fc) \ ,- ^,*+ 1 /'R# ^nn'+l/pC')^ r~ R n p(W r- P . n p('*) — p(W 



Thus Pi' fe ^ := is an inverse sequence of compact polyhedra. Since S x ^ C P^f 1 

and 

clear that limPaf'*^ is 

that 



it is clear that limPi'^ is the same as the limit of the inverse sequence (S Xi i, gl +1 ), i.e., 



(ttUJ-^x) =hm (^,<?i +1 ) =lim (^y, 5 i +1 ). 
We shall show that for each i G N, if < r < l k — 1 and /i : S r — > P*,?? is a map, then /i 
is homotopic to a constant map. Since dimS ,r = r < h is homotopic in Pi'i to a map 
that carries S r into pf* 1} (see remark about stability theory). But P Xi i is contractible, 
so the inclusion ^ P*,^* is null-homotopic. This shows that h : S r — > P x ^ is 

null- homotopic. So all fibers of 7r|^. are UV'* -1 . 

To prove (IV), we need to show that any fiber of ir\A k is Z/p -acyclic, i.e., for infinitely 
many indexes i, the map gl +1 \ p (i k ) : P x i+i P x i induces the zero-homomorphism of 
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cohomology groups H m (P^ fc) ;Z/p) -> H m (P^j i; Z/p), for all m € N (we need not worry 
about m = because the P^'s are (/& — l)-connected, so their reduced zero-cohomology 

groups are trivial) . We will be focusing on those indexes % for which gl +1 \p x i+1 — ojof i \ Px , 
as mentioned in the conditions of Corollary 12.21 

It is, in fact, enough to show that the map gl +1 \ p (i k ) '■ Pxi+i ~* P-ci^ induces the zero- 

homomorphism of homology groups with Z/p-coemcients. Here is why this is true. Notice 
that each of P x %+i and P X i is a closed vertex star (in the coarser triangulation), subdivided 
so that each original simplex of the vertex star is collapsible as a simplicial complex. So 
Lemma [231 (for n = l k ) is true for both \M\ = P x i+i and \M\ = P x ,i- Therefore property (I) 

of Lemma l2~4l is true for both P^i+i and P x i, and both are (Ik — l)-connected. Therefore 
by the Universal Coefficients Theorem for homology and cohomology we have 

P m (P^j l5 Z/p) H m {P^ +1 ) ® Z/p, Vm > 1, and 

H m (P^ +1 ; Z/p) - nom(H m (Pi%), Z/p), Vm > 1, 

and for P^° analogously, and these expressions are non-zero only for m = l k . So if 
Lei*) : P*f+i P^f Educes the zero-homomorphism H h (g^ 1 ; Z/p) : H h (P^f +1 ; Z/p) 

5C,i+ 1 

H lk (p(f;Z/p), then for any <p € Bom(H lk (P^f), Z/p), we have <p o H lk (gl +1 ) = G 
Hom(F /fc (P^J- ji), Z/p), that is, the induced homomorphism H lk (#j +1 ; Z/p) : H l * (P^; Z/p) 
H l *{P ( ^ ] +l ;Z/p) is the zero-homomorphism. 

So let us show that H lk (gf l ;Z/p) : H lk (P^f +1 ;Z/p) -> H lk (P^ ] ;Z/p) is the zero- 
homomorphism. Before proceeding, note that by Remark II. 5| given an EW-resolution 
oj : EW(Pi,Z/p,l k ) -> P, we know that aT 1 ^) = EW(P X)i ,Z/p,l k ), so 
^L -1 ^ • EW(P K) i, Z/p, Zfe) — )• Pr^ is also an EW-resolution. 

Let a be any (l k + l)-simplex of P z ,i+i, and let <? CT be a generator of Hi k (da). Let 
M : da ^ P(f +1 , v : P^ ^ P x>i+1 , and A : P^ ] EW(P Xji ,Z/p,l k ) be inclusions. 
Notice that w o /^(P^+i) C P^,, implies that fi(P Xti+ i) C EW(P E)i , Z/p, Z fc ), and since /j is 
a cellular map, we also have 1^%) C EW(P E) i, Z/p, | fc )(W = pg } . 



EW(P,Z/p,Z fc ) 




A 



P 



/' 



■■■/■I- 
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Since Lemma 12 .31 is true for \M\ = P x ,i+i and n = Ik, we have fi\p x i+1 °v°p- = ^°fi\ p (i k ) °^ 
is null-homotopic, and 



H i k (fi\ p (i k ) o n)(g a ) = Ve e li e G H^P^), where e e = (mod p). 

e=l 



By Lemma E3] applied to P x ,i+i with n = Ik, we can select crj, . . . , a s to be some (If. + 1) 
simplexes of P^j+i so that the images g\,. . . ,g s of the generators of Pq fc (<9<7i), . . . , Hi k (da s 

induced by the inclusions daj ^ P^li form a basis for Hi k (P^}^). 
Then for any <? G H lk (P^ ] +1 ), 



H l k (fi\p(lh) = H l k (fi\ p ('k) )C^2 m j9j) = J2 m jC^2^j,ehe), 

x ' l+1 x ' l+1 j=l j=l e=l 



where rrij G Z, and Ej >e = (mod p). 



Finally, since we know that g} +1 \p xi+1 — u> ° fi\p xi+1 and w| = id, we have that 



PI 



gl +l \ p (i k ) ^ /zlp(ifc) • Therefore H ik (gl +l -\ p( i k) ) = H lk (fi\ p( i k) ), so the last equation 



implies that Pq fe (<7* +1 | ;Z/p) is the zero-homomorphism. □ 



3. Proof of Theorem 11.11 
Proof of Theorem ll.il Choose a function : N — )• N such that for each 



(i) < i> and 

(ii) ^ _1 («) is infinite. 

One may assume that X <Z Q = Hilbert cube. We are going to prove the existence for each 
k G N U {oo} of a certain sequence Sj = (nj, {Pj), £j, Sj, (t*)), (?"■)), j G N, of entities, 

and a sequence of maps (gj +1 ), j G N, such that: 

• rij G N; 

• Pj C Pj C ■ ■ ■ C Pj° are compact subpolyhedra of I n i ; 

• Ej, 5j > 0; 

• t°° is a triangulation of Pj° , r?° is a subdivision of t°°, 

~fc _ Y°°\ P k is a triangulation of P- , r- = 7f°| P *; is a subdivision of 77, 



(we will consider P°° = (P/ ,^ 00 ) and P/ = (P/ ,^)); 
<7^ + : Pj^i — > Pj 30 is a simplicial map relative to Tp rl and rj 
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A diagram that might help: 

pi = poo 



P 1 c 



/ 



9 i\ 



p 1 ^ 



p2C 



P4 = PS 



P 



92 



9:i 



PIC- 



S' s 



■ p?(- 



pj-iC 

3 



r>3 poc 

' r 3 ~ 



,3 + 1 



^3 + 1 



. pi C 

^3 + 1 



p3 + l _ poo 



C F 



C F 



C 7 n3 



C /"■>' 
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We shall require that for each j G N and A; € N: 

(1) j> i nj_i < nj; 

(2) j>i if j < A; < oo, then Pjf = P°° and PJ C int^ PJ +1 whenever r < j; 

(3) ,->i X C int Q (P/° x Q n .) C iV(X, f ), and, 

whenever A; < j, X fe C intc^Pf x Q n .) C iV(X fc , |); 

(4) j>i Pnj-APj) c intjn.-i Pf_i; 

(5) j>i if it, w G Q and p(u,v) < ej, then p{p nj -A u )^Pn ] - 1 { v )) < ^-i! 

(6) ,>i 

(7) j>i <5j < 2 , 

(8) j>i t°°|| 7 | is collapsible V7 G r?° and meshr?° < 

(9) j>i if x G X, then there exists a contractible subpolyhedron P£°j of P?°, which is the 

closed star of a vertex in the triangulation r?°, i.e., P£° = St(w,f°°) for some 
u G (r°°)(°), and such that iV(p n . (x) , 2^- ) C P~ C iV(p n . (a;), £j ) n P°°; (P~ is 



1 



IS 



considered with the triangulation r?°, so it is a subdivided vertex star) 
if k < j, and x G X^, then there exists a contractible subpolyhedron P* ■ of P-% 
which is the closed star of a vertex in the triangulation rj% i.e., P* ■ = St(v,rj c ) for 
some v G (t/)(°), and such that N{p nj (x),2S j ) C P%j C iV(p n . (s), e,-) n Pf ; (P 3 
considered with the triangulation Tj) 

(this statement is also true when k > j, because then P^ ■ = P£°j, Pj = P°° and 
X k cX); 

(10) j>i whenever x G P°° there exists a simplex a of TjZ 1 such that G <r, and 

Pnj-i( x ) nes in X(a,^^-) (and therefore, it follows from here and (8)j-i that, 
p(flj_i {x),p nj ., (x)) < <5j_i/2 + ^-1/2 = for all x G P/°); 

(11) ,->1 ^_i(P/) C Pf_ l5 and 

(12) j>i 5j_il P -o-i) ^ wo/j-i, where w : EW(Pj'i , 1 ~ 1) ,Z/p,i I/ ( J -_ 1 )) 



^ is an Edwards- 



Walsh projection, and : P^ 



EW(Pji J 1 ^, Z/p, is a cellular map. 
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Moreover, for all x € X v (j_x}, we have that uj o /j_i(P£j ') C P^j-i > an d 
5j_iL-(j-i) - ^ /j-lL»(3-i)- 




Before proving the existence of such data, let us see why they would imply the conclusion 
of Theorem II .li For each i £ N, let Pj°° correspond to Pj from the statement of Lemma [2. 11 
Applying (5), (1), (6), (10) and (7), one sees that the conditions (i)-(v) of Lemma 12.11 are 
clearly true. Condition (4).; + i implies (vi) and one may use (3) to see that 

CO 

x = f]prxQ ni . 

1=1 

Let 

Z:=lim(ir ! <?i+ 1 ). 

Surely Z is a metrizable compactum, and we get the map tt : Z —¥ X defined by the formula 
given in Lemma |2. II (b). 

To see that tt is surjective, for each i £ N let Tj = Pj = PP° (in Lemma l2.ip , According 
to the notation of the last part of Lemma 12.11 one sees that for x € X, S x ,i = Bx,i = 
N(p ni (x), 25i) nPj 00 . Notice that the first part of (2)j together with (3)j implies 

(13) Pni {X) C intjni P?°, and VA; e N, p nt (X k ) C intrs 

So Pn t ( x ) ^ an< ^ therefore p ni (x) € B x ^, showing that the latter is not empty. The 
map tt is the same as tt in this setting, so (g) of Lemma |2 . 1 1 shows that tt is surjective. 

One then checks that all the hypotheses of Corollary 12.21 except for the very last one 
(which we do not need yet) are also satisfied. Thus (I)— (III) of Corollary 12.21 hold true, so 
7r is a cell-like map, and we are assured of the existence of the closed subspaces A k , k > 1, 
where 

A k :=lim((P°°)H<?i +1 ), 

as required by Theorem II .11 so that dimAk < Ik, and when k G N, tt carries A k in a UV' fc_1 
manner onto X. 

We must identify the closed subspaces Z\ C Z^ C . . . of Z, prove they satisfy (a)-(c) 
of Theorem II. H and show that Z k C Ay. when k £ N. Fix k G N. In the last part of 
Lemma [2TTT instead of putting Tj = P?°, as we just did to obtain Z, tt, and the sets Ay., this 
time put Ti = (P^)"*). Using (11), the fact that r.* = T?°|pfc, and that is simplicial 

i 

from t£?i to rP°, one sees that 

(14) ^((Pf+i)^) C (J*)<«. 
Now let 

Z fc :=hm((P^)fe), 9 i +1 ), 



Z/p- acyclic resolutions in the strongly countable Z/p-dimensional case 



13 



i.e., T fc = ((if and Z k = limT fc . Using (2) we see that if C P°° for all i G N. 

Of course, (if )" fe ) C (i^ 00 )* 7 *), and we deduce that C A k as requested in Theorem ll.il 
Moreover, dimZfc < &\m.Ak < l k , so (a) of Theorem 1 1 . 1 1 has been resolved. It is also clear 
that Z\ C Zi C . . . as required by Theorem 11.11 

Next put TT k = n\Z k : — > X. If (ai,a2, . . . ) is a thread of Z k , then a, G if for each 
i G N. Taking into account (b) of Lemma 12. 11 as well as (3), which implies that 

oo 

(15) X k = f)P?xQ m , 

i=l 

one sees that Tr k (Z k ) C X k . 

Suppose now that x G X k . With the choice of Tj = (if )^ fc \ the sets S X) i in the last part 
of Lemma O become S Xji = B x>i n (if ) (ifc) . 

If we can show that for each i 6 N, S^j 7^ 0, then (g) of Lemma 12.11 would yield 
n k (Z k ) D X k . Indeed, it is sufficient to show that #Jn(if )^) + 0, since 5j m n(if +1 )( /fc ) 
maps into S x j under g* + (see (c) of Lemma ET] and (14)). Because of (15), x G if x Q ni , 
so p„ t (x) G if. Applying (6)j-(8);, we find a vertex u G (if )^ 0) C (P*)^ such that 
p(p ni (x),w) < § < 2^ < £*• This means w G B* . n (if )H i.e., flj n (if )&) ^ 0. 
Therefore (b) of Theorem II .11 is true. 

Finally, after replacing A k from the statement of Corollary 12.21 with Z k , the ultimate 
condition of Corollary 12.21 involving infinitely many indexes, is now operative because of 
(i) and (ii) of this section, and (12) for v(i — l) = k. If we apply (IV) of Corollary 12.21 then 
we find that 7r k = ir\z k ■ Z k —¥ X k is a Z/p-acyclic map. Thus, our proof of Theorem 11.11 
will be complete once we have obtained the information in statements (1)-(12). 

Inductive construction begins: For the basis of the induction (j = 1), we choose n\ = l± 
and P} = I ni = I h for all k G N U {00}. Thus (2)i and (3) 1 are satisfied. Next choose any 
e\ > so (6)1 is satisfied. It remains to produce 8% > and triangulations and 
of P°° = /'i so that (7)i-(9)i are satisfied. 

Begin by taking a triangulation rf° of P^° such that mesh?] 30 < ^. The open stars of 
the vertices in rf° form a cover for Pf° = P 1 . Note that these open stars are truly open 
sets in P 1 . For any x G X, there exists a vertex v of rf° such that Pi x (x) G St(t>,rf°). Note 
that for any y G St(v,T^°), p(y,pi 1 {x)) < 2meshf 1 00 < ei, so St(u, rf ) C N(p h (x),ei) = 
N(p h (x),£ 1 )nP?°. 

Since U := {St(v,rf°)| v G (Tf°)^} is a cover for pi x (X) which is compact, let A be a 
Lebesgue number of U. Pick a 61 > such that 45\ < min |a, ^rpr j • Now (7)i is also 

satisfied. Then for any x G X, the closed ball N(p^ (x), 26%) is contained in some St(v, rf ), 
for a vertex v G (r-j 30 )^ . Pick one such star, and call its closure P£\. Notice that P£\ 
is contractible. Thus we get (9)i for x G X: N(p h (x),25i) C P£ x C iV( Wl (x), £1) n 
Finally, choose a triangulation rf° so that it refines rf°, and so that (8)1 is satisfied. 

Assume that we have completed the construction of Sj for 1 < j < i, and gj +1 for 

1 < j < i — 1. Choose an open cover V of P?° having the property that meshV < 
Then select a finer open cover W such that any two W-near maps of any space into Pj°° 
are V-homotopic. Let r be a subdivision of such that N(St(v,r),e) lies in an element 
of W, for every vertex v G r(°), where e > is chosen so that: for any principal simplex 
a of the triangulation r, all of the points of the open neighborhood N(a, e) are at most 
one (principal) simplex away from a (i.e., if u G N(a,e) \ a, then u G 7 = a neighboring 
principal simplex of ex). (Surely this e exists because is compact. Also, it is clear that 
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i < meshr, and that it would be enough to choose r so that 2(meshT + e) < some fixed 
Lebesgue number of W. Also note that r can be chosen so that t|i 7 i is still collapsible, 
V 7 G 7?°.) 

If i = 1, replace rf° by r, but continue to use the notation rf° for it. Note that properties 
(8)i and (9)i, which are the only ones affected by this change, are still true. 

If i > 1, choose a map /i : P?° —> P?° which is simplicial from r to r?° and which is a 
simplicial approximation to the identity on P?° . Then the map g\_ x o p is simplicial from r 

to r^j, and o is cellular with respect to the triangulation on P^ 1 l ' induced 

t 

by r for If we replace g\_ x by g\_ x o p, by /f_ a o fi\ „(i-i), and r°° by r, then all 

i 

the conditions (1)— (12) for index i still prevail (the only ones affected being (8)j-(12)j). So 
we assume that these replacements have been made, but continue to use gl_ 1} fi-i and r?° 
to denote the respective bonding map, cellular map in (12)j and triangulation. 

Construction of the polyhedra P&_i and the bonding map <7* +1 begins. Apply 

Lemma [L~9l to X u u\, which has dinig/p X v u\ < l v u\, where v(i) < i, and (using (13)) the 

map Pm\x v{i) ■ X v ^ -> ff W , to produce a map /' : X v ^ ->■ EW(Pf W , Z/p, l v( ^) such 
that for any x G X u ^, when p ni ( x ) lies in a particular simplex of P" , then so does 
a; o f'(x). There is a principal simplex cr^. of that contains both cj o f(x) and p ni {x). 
We can extend /' over an open neighborhood U of X^ in the Hilbert cube Q, to get a 

map /":l/->.EW(I? (i) ,Z/p J Z„ (i) ). 



EW(Jf (i) ,Z/p,Z Ki) ) 



3 X, 



"0 



Now we can find a neighborhood J7 of X v ^ in C7 such that: 

(16) for any u G U, uj o f"(u) and p ni (u) belong to the open e-neighborhood of some 
principal simplex 0"^ of P" . 

Here is how we find {/ : since p ni is continuous (on Q D U), for any cc G X v r^, and for the 

above e, there exists an open neighborhood Q x of a; in U such that p ni {Qx) C N(a x ,e). 
Since w o /'(x) G c^, then /'(x) G aT" 1 ^) c w _1 (iV(o- :E , e)). Now f'(x) = f'(x), so the 
continuity of /" guarantees an open neighborhood Q x of x with f"(Q x ) C w _1 (A r (o" 2: , e)). 
Of course, w o f"(Q x ) C N(a x ,i). 

Now let := Q^nQa; and define C/ := U^gx Clearly this £/ has the needed property. 

Using the uniform continuity of p Hi on Q, choose Ei + \ so that (5)i+i holds: if u,u e Q 
are such that p(u,v) < £j+i, then p(p ni (u),p ni {v)) < 5j. 

In order to choose n^+i: notice that one may find mo G N such that if m > mo, then 
A C p m (A) x Q m C N(X, jIj), and for all k < i, X k C p m {X k ) x Q m C N(X k , Jfa). 
Define rij + i > max {h+i — 1, n^, ttt-o, log 2 (^-j-)}. This ensures that properties (l)i+i and 
(6)j+i hold. 
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Now is the time to choose compact polyhedra P°£ x = P-+1, -P/ + i, • • • , • • • i ^l+i i n 
. First note that there is an open neighborhood V of p ni+1 (X) in / n *+i such that 
V x Qni+i C X(X, ^j-). Choose a compact polyhedron P?^ C I ni+1 so that 

(17) p„ 1+1 (X) C inWi C P°° x C V, and P^ C ^/(int^ (P°°)). 

This can be done because (3)j implies (13)?°, i.e., p Ui (X) = p n .(p n . +1 (X)) C int/^ (Pf°), so 
Pn i+1 (X) C p~^(mt I n i (PP°)). Note that (17) implies properties (3) m and (4) m for PP° V 
To satisfy the first part of (2)j+i, we name = P^ for all A; > i + 1. 

Let us now choose PA^, for A; = «, i — 1, . . . , 1, which we do by a downward recursion. 
If A > z^(i), then here is how we make our choice: find an open neighborhood V k of 
Pn i+1 (Xf : ) in / n *+i such that x Q ni+1 C N(X k , j^)- Choose a compact polyhedron 

c JTH+! go that 

(18) p rH+1 (X k ) C iiitr-i+i P* +1 C P t k +1 C Vfc, and 
^Cp" 1 ^^)) inW^Y). 

This can be done because (3), implies (13)f, i.e., p n ,{X k ) = Pm{Pn i+ A x k)) C int/»i (Jf ), 
so Pn l+ i(^fc) C p~^(mtin i (Pj c )). Also note that p„ i+1 (X fe ) C int^+i (P*^ 1 ), because before 
we reach the construction of Pj+i, P{+i is already constructed so that (13)*^ is true, so 
p ni+1 {X k+ i) C int/ii+i (P^i), and also recall that X k C X k+ \ C X. 

Note that (18) implies properties (2)j + i (the second part), (3)j+i and (4)j + i for P/^, 
when z/(i) < k < i. 

For At = z^(i), we require the above mentioned properties and, additionally, that P^} x 
Qn i+ i C ?7, where U is the neighborhood of X v u\ indicated in (16). 

For k < v{i)-, proceed with the construction of Pf + \ as in the case of i > k > 
Conclude that properties (2)j + i-(4)j + i are now true for all k € {1, 2, . . . , i}U{oo} for which 
they apply. 

Let / := f'l Pr W xQni+i oi : P$ EW(Jf Z/p, l v(i) ), where i : P$ -> x Q ni+1 
is the inclusion. 

Choose <5j + i and triangulations r°^ 1 and r°° 1 for P^, which are also triangulating all 
Pf +1 for At < z (where rf +1 := T^pk i and := r^Jpfc ), so that (7)j+i, (8)j+i and 
(9)j+i hold. Here is how this is done: begin by taking a triangulation t^? 1 of P£?i, which 
also triangulates all P k +1 , such that meshr?^ < ^rf-. The open stars in rf +l of the vertices 
of 

T i+i f° rm a cover for P* +1 , where At € {1, 2, . . . , i} U {oo}. For any (13)i+i implies 

p ni+1 (x) C int/ii+i Pj+D so there exists a vertex v of r?° 1 such that 

(19) Pni+1 (x) e StfaTgJ ninw, p.~. 

Analogously, for any x € Xj., (13)j+i implies p„ i+1 (x) C int/«i+i P k + i, so there exists a 
vertex v of r^_ 1 such that 

(20) p nj+1 (ar) e St( v ,7* i) ninwi P, fe +1 . 

Note that for any y € St(v, r^j), p(y,p ni+1 (x)) < 2meshr?° 1 < so St(w,?J|_ 1 ) C 

iV(p ni+1 (x),£ i+1 ) n P* +1 , for At G {1, 2, ...,«} U {oo}. 

Also note that (19) and (20) imply that intj« i+ i St(w, r^) / 0, for At € {1, 2, ... , i}U{oo}, 
since it contains Pn l+1 {%)■ Therefore, for k G {1, 2, ... , z}, p rai+1 (Xfc) is covered by Uf +1 := 
{intpn+i St(u,7f +1 ) : u G (rf +1 ) (0) }, andp„ l+1 (A) is covered byW^ := {intj^+i St^,^) : 
v € (t? ^ )}. Since p ni+1 (Afc) and p ni+1 (X) are compact, each cover Uf +1 has a Lebesgue 
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number A^ +1 , k G {1, 2, . . . , i} U {oo}. Thus it is enough to pick a 5i+\ > such that 

A5 i+1 <minNAf +1 : k G {1, 2, . . . , i} U {oo}} U 

Now (7)j_|_i is also satisfied. Then for any x G X^, the closed ball N(p n . +1 (x), 2<5 i+1 ) is 
contained in some int/^+i St(v, t^ +1 ), for a vertex i> € (t^)^). Pick one such star, and call 
its closure P* Notice that P* i+1 is contractible. Thus we get (9)i+i for fc < j: 

F(p ni+1 (x),25 m ) C P* ii+1 C iV(p„ i+1 (x),e i+ i) n Pf +1 . 

Analogously, we get (9)j+i for k = oo and x € X. Finally, choose a triangulation r°^ 1 so 
that it refines and so that (8)j+i is satisfied. 

Now that we have a triangulation for P£P l5 and therefore for P^f too, take a cellular 
approximation £ : P^? -> EW(Pf W , Z/p, l„ (i) ) of / : P^? -> EW(^ W ,Z/p,l, (i) ). Since 

Pj+i^ x Qn I+1 C C/, (16) is valid for any u £ , that is, u o /"(«, 0) and p n< (w, 0) = Pn,(u) 
belong to the e-neighborhood of the same principal simplex a G rf°. We also know that 
oj o f"(u, 0) belongs to a principal simplex 7 which is a neighbor of a (the choice of e makes 
sure that 7 and a are neighbors). Note that u) o /"(«, 0) = w o /" o j(u) = w o /(u) G 7. Now 
wo/j(ti) also belongs to 7, because /j is a cellular approximation of /, and properties of the 
Edwards-Walsh resolution u guarantee that f(u) € uj^ 1 ^) implies that fi(u) € uj^ 1 ^). 
So we have found a simplex 7 of r?° such that u o /j(ti) G 7, and p ni (u) belongs to the e- 
neighborhood of the closed star of a vertex v that is a common vertex of 7 and a. Therefore 
u o /j : P^ — >• P$ and p ni \ p ^(i) '■ P"+i ~~ ^ Pj are W-near, and therefore V-homotopic. 

According to Lemma [1.101 there exists a continuous extension ip : P^?i — > Pj°° of a; o /j such 
that </9 and p ni |po° are V-homotopic, and therefore V-near. 





With this, (4)j + i, and the fact that we could have chosen V as fine as we wish, we may 
assume that Lp(P^ +1 ) C P/\ for all 1 < k < 00. 

Finally, making finer if necessary (but so that the properties of collapsibility required 
in (8)j+i are still preserved), take : P£?i — > Pj°° to be a simplicial approximation of 99. 
Therefore, for any -u G ffi, there exists a simplex <r G r?° such that g* +1 (ti), (p(u) € cr. We 
also know that p(<p(u),p ni (u)) < mesh V < so p ni (u) G N(a, 4), i.e., property (10)j + i is 
true. Property (ll)j+i is true because gl +1 is a simplicial approximation of (p. 
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For property (12)j + i, first notice that gl +1 \ p v(i) — ¥>| P "(») = 00 ° h- Also, u o fa and 

i + 1 i + 1 

Pni\ p v(i) being W-near implies that for all x € X u ^, to o fi(P^li) C To see why, 

i+1 

take any u G := iV(p„ i+1 (a;), e i+ i) nP^f, i.e., p(u,p ni+1 (a?)) < e i+1 ; by (5) i+ i, 

p(p ni (u),p ni (x)) < Si. Therefore, since mesh(W) < y, 

p(w o fi(u),p ni (x)) < p{u o fi(u),p ni (u)) + p(p ni (u),p ni {x)) < -± + 5i < 2Si, 

so u o /<(„) € B$> : = ¥(p ni (x), 25.) n P/ W Thns w o h(B^*) C i£» Since P^ C 
N(p ni+1 (x),e i+1 ), u o /iC^) C P v x f, too. 

Also, ¥>(P^!L) = U3 o fiiP^i+i) C P^f , so being a simplicial approximation of 

</>, has the property g^iP^-L) C P^ ■ . Finally, ft- +1 | p *(i) ^ ^| = w o /j| „ w , so 

' ' ^x,i+l ^x,i+l *x,i+l 

property (12)j + i holds. □ 

Remark 3.1. Note that from our construction of Z , it follows that in general Z is infinite 
dimensional. 

Remark 3.2. If we take l<2<...<m<... instead of l\ < li < . . . < l m < . . the 
Theorem \1.1\ becomes parallel to the result for dim^ from [A JRJ . 
IfU = l i+1 but X h C X h+1 , we get Ai = A i+1 , but Z { C Z i+1 . 

What if the sequence of nonempty closed subspaces X\ C X2 C . . . of the compact 
metrizable space X from the statement of Theorem 11.11 is finite, that is, we are given 
X\ C X2 C • • • C X m C X? And what if X itself is replaced by an X m , i.e., we have 
X\ C X2 C • • • C X m = X, where for each k G {1, 2, ... , m}, dim z / p A^ < 

In either of these cases, Theorem 11.11 yields a compact metrizable space Z with closed 
subspaces Z\ C Z<i C • • • C Z m C Z, as well as a cell-like map 7r : Z — > X with all of the 
properties mentioned in Theorem 1 1.1^ but we can adapt the proof so that it would use fewer 
polyhedra. 

Namely, here are the changes that somewhat simplify the proof of Theorem 11.11 in both 
of the finite cases mentioned above. 

First, take a function v : N — >• {1, 2, . . . , m} such that (i) and (ii) are still satisfied. 
Second, change the conditions (2)j>i and (3)j>i from the original proof to the following: 

(2) ^ >1 if k > min {j, m + 1} then Pj° = P°°, and 

Pj C intj'ij PJ +1 whenever r < min {j,m + 1}; 

(3) ;>! X C int Q (Pf x Q nj ) C N(X, f ), and, 

whenever k < min {j,rn + 1}, X k C int Q (Pj c x Q n .) C N(X k , |); 

This will ensure that we produce only m + 1 sequences of polyhedra (P.- )jeN> & G 
{1, . . . , m + 1}, rather than countably many sequences that were required in the original 
proof for X\ C X 2 C • • • C X m C • • • C X. 

The rest of the proof is the same, provided that the change in indexes from (2)' is taken 
into account in the remainder of the proof. 

It is worth noting that, in the case when X = X m , the property (3)' implies that we can 
take P°° = P/\Vj. Still, Z and Z m would be different, since Z m = lim((P. m )(H g] +1 ), 
and Z = lim(P°°,5i] +1 ) = lim(P™, g} +1 ). Also, the map ir\ Zm : Z m ->■ X is a surjective 
Z/p-acyclic map, while 7r : Z — >■ A is cell-like. 

Remark 3.3. In particular, for m = 1 anrf A = Ai suc/i i/iai dim z / p Ai < Zi, Theorem \l.l\ 

produces a compact metrizable space Z\ with dimZi < l\, and a surjective "L/p-acyclic map 
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7T : Z\ — > X\. So Theorem \1.1\ is indeed a generalization of Dranishnikov's resolution 
Theorem 1 1.3[ 

4. Proof of a particular case of Theorem 1.1 

What follows is an outline of a proof for a particular case that Theorem 1.1 is covering, 
namely for the case when the sequence 1% < I2 < . . . of upper bounds for dim Z/ / p does 
not become permanently stationary at any point. This proof was suggested to us by an 
anonymous referee. It does not work if this sequence is eventually constant, that is, if the 
spaces Xi keep changing, but from some point iq on we have k = k +\ = . . .. 

For the sake of simplicity, let us suppose that l± < I2 < h ■ ■ ■ since the proof of this case 
can be adjusted to work for all cases in which the sequence is not eventually constant. 

Let X\ C X2 C ... be a sequence of nonempty closed subspaces of a compact metrizable 
space X such that dim^/pA^. < Z/u, Mk € N. Apply Dranishnikov's Theorem 11.31 to X\ in 
order to build a compact metrizable space Z\ and a Z/p-acyclic map q\ : Z\ — > X\ such 
that dimZi < l\. Let Y\ = X U M(q\) be the union of X and the mapping cyllinder of q\. 
Notice that the projection pi : Y\ — > X is cell-like and that dim Z/ / p M(q\) < l\ + 1 < I2, 
which makes dim Z/ / p X2 U M(q\) < I2. In order to produce Z2 and q2, apply Theorem 11.31 
to X2 U M(gi), with the exception of requiring that q2 has the property that Q2\ q -i(z 1 )* s a 
homeomorphism onto Z\. Then put Y2 = X U M(q2) and P2 '■ Y2 — > X to be the projection. 
Keep the procedure inductively and define Z as the inverse limit of the inverse sequence 
Yi <- Y 2 <- . . . Y k <r- . . . 
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